. SANTA CLARA UNIVERSITY

Quantum Machine Learning Seminars

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Week 4: Quantum Algorithms

Dr. Hassan Alshal



rn SANTA CLARA UNIVERSITY

1851

Outline

1. Grover’s Search Algorithm
2. Quantum Fourier transform

3. QML toolkit

1/12



rn SANTA CLARA UNIVERSITY

Grover’s Search Algorithm
The SAT Problem (X1 VX2) A (%1 V =x2) A (mx1 V X3)

e Boolean Satisfiability is a decision problem (yes, no) Uterals: X1, 75Xy, X, 2x;

that checks if there exists some logical formula Clauses: ¢y, Cz, €3
F(xy, -+ ,2y,) =1 for different n-variables ﬁ
(21, x,) € {0,1}™. Classically this is an NP

problem with brute force O(2"). Bipartite graph

e Example of F(z1,---,x,) is CNF-SAT
F=CiN---NC,, where C; =41V ---V ¥, and
fi S {:Ei,—'LEl'}.

e For large “unstructured” database with N items,

each database check is called query. And query
https://snap.stanford.edu/g2sat/

complexity is ©(N). For a classical SAT problem
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O(2") assuming the existence of a “unique” solution.



G

1851

SANTA CLARA UNIVERSITY
Grover’s Search Algorithm
Grover’s Oracle . . "
1 %ﬁé::l [y) ly & f(x))
o If {z;}" is basic encoded |¢)) = — |z) (how?)
2" =0

and is inspected to find |z¢), then the inner product [)
and the constant probability of finding the state tell )

O(N) =06(v2").
e The classical search acts as f: B,, — B such that
fly=4 T
1, x=uxgp.
e In quantum regimes f(z) becomes
Us:|z)|y) — |2)|y @ f(x)), where |z) is a control
n-qubits and |y) is a target 1-qubit.
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Grover’s Search Algorithm

Grover’s Iteration Operator .

Define Uy : |z) — (—=1)f®)|z).

To find |xg) we use My, = 1, — 2|xo)(zo| such that |2) (1)@ |z)
Qf
+lz), r#£x
Myglzy = T EER gy - -
_|'CC> , L= X0
Show that Qf (|z) ®|-)) = (=1)/®|z)|-).
So the entire process is handled using M= —1X] (X]
G =H*"MyH®*"Uy. S
Repeated action of G would give either projected or

reflected state until it finds |zo).
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Grover’s Search Algorithm
Angle encoding
o After preparing |¥) = H®"|0), define
| W) =sin(6/2)|xo) 4 cos(0/2)|p), where
sin(6/2) = 1/v/2" and |¢) = \/ﬁ > jx). o) v)

TH#T0

Uy W) gives —|xo), i.e., reflects |¥) across |p) to [¥).

Rather than using My, we use — My, i.e., reflects

@)
the new state |U’) across |¥) to get |¥”).
o
Repeat and notice |¥) — |xo) until they coincide. 9 le)
GE|W) — [U ) =sin[(k+1)8]|zo) +cos[(k+1)E]|¢), »

with Pg(zo) = sin?[(k+1)%], i.e., when
k= g\/Q” — 1= |T) = |2g) |, matching O(v/2"). 5/12
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Grover’s Search Algorithm

2-Qubits O(v/22)
e Define cos(f) = (zo|¥) = \/127 o) 1)
g

k=

* T2

o for 2-qubits, i.e., 4-items database, , o)
cosﬂzﬁz%iﬁzw/iﬁand9/2:7r/3. :

e .k=1,ie, ©(vV/N)=1 You need only one f i
query to make |¥) — |zo). W)
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Grover’s Search Algorithm
Amplitude Amplification

It’s a generalization of the Grover’s algorithm where we search for M items
rather than only 1, hence O(y/N/M).

Given f: X — {0,1} with target set T'={z € X : f(x) =1}, define the good
subspace Hy :=span{|z) € H: x € T}, and the bad subspace Hy := Hj.
Decompose |¢) € H into good/bad components as

|Y) = sinf |pg) +cosf ), 8 € [0,7/2], with |p,) € Hy and |¢p) € Hp,.
Define Uy, := 1 —2[) (9], Ug:=1-2%_ .rlz)(z|, where Uy flips the
phase of |¢)) and Uy flips the phase of all states in Hy; then set the
Grover-like iterate U := —UyUy,

Ulthy) = cos(8) [hg) — sin(0) [ ), Ulth) = cos(0) [un) +sin(0) [5,)-

UF|) = sin((k+1)0/2) [¢hg) +cos((k+1)0/2) ). /12
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Quantum Fourier transform

Amplitude Encoding

e The discrete Fourier transform (DFT) is a map
F :CN — CV defined by:
F i (ao,-..,an—1) — (Bo,- -, Bn-1),

27

By i= S TN o), y
e Adopting amplitude encoding with N =2" QFT is V i

Jz2) 2 EU
[z3) \d H
. i

a unitary Ur acting on an n-qubit register as:
n—1
Ur 225" aule)| = X251 Byl
e Since oy isn’t physical, so is 3,. Thus QFT needs to

be part of a larger quantum algorithm like Quantum

phase estimation.
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Quantum Fourier transform

Amplitude Encoding

Ty = Pz% for k=1,2,3,4.:
2

° T4T3T2H‘.’I:1> = Tﬁ]%’]b% —
T T |O>+ei7rz1+il’2:c2|1> . |O>+612w2?:12%|1) B |0>+ei22ﬁ4w|1) i) T TH
443 V2 = 72 = 73 .
)+ z‘%”}'l) [z) . HHLHG;
— byre =7 1)
) T3T2H|332> - \/i . ‘Ig) | T
i27rz
° TQH’Q?g) = w. [24) * @Ae
2T
0 T2
o Hlp,) =10t 2 U He\/; )
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QML toolkit
SWAP test
e For |¢) and |¢) “unknown” pure state.
o |U)=(HRIQ[FH®IXI)|0, ¢, ¢) =
(HRIQ)F|+, ¥, »)
—HeIaD)d(10, v, ) +11, ¢, ¥)) =
310) (19 @)+l ) + 3D (1 9) — I ). 0) —{H}—
e The probability to measure 0 on the first qubit is:
P(0) = (T[((J0)(0]@ I ®1))[¥) =
5 (el + (ovl) (lve) +lew) 2
=1+ 3 ((wle) (elw) + (29} (le)) = § + 31wl 2

e Thus it’s useful for measuring angles between these

unknown states. 10/12
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QML toolkit
Qdist routine

Use amplitude encoding for real vectors x € R%, encode it into a logd-qubit as

X) = Il Z] 17417)-

For two real vectors x,y € [Rd the overlap of their amplitude-encoded states

gives: (x]y) = cos(x,y) = Iy
y

Prepare an entangled state with the data register,

) = 7 (\0) ®x)+]1) ® \y)) € C?® (C%)®", then another state

) =2 (loy— 1)) e 2.

Check the overlap with the ancilla |) to get

® = 5 ({2l0)[x) + (D)) = 75 (%) — \Y>)

SWAP to estimate |®|?, and |®]?> =1—

the squared distance is |x —y|? = |x|? + |y|2 2x-y.

. Hence x-y = (1 —|®|?)|x||y|, and
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